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Abstract. The National Institute of Standards and Tednology is preparing a
Digital Library of Mathematical Functions (DLMF) to provide useful data about

special functions for a wide audience. The initial products will be a published hand-
book and companion Web site, both scheduled for completion in 2003. More than

50 mathematicians, physicists and computer sciertists from around the world are
participating in the work. The data to be covered include mathematical formulas,
graphs, references,methods of computation, and links to software. Special features
of the Web site include 3D interactiv e graphics and an equation searc capability.

The information technology tools that are being used are, of necessiy, ones that

are widely available now, even though better tools are in active developmert. For
example, LaTeX les are being used as the common source for both the handbook
and the Web site. This is the technology of choice for presertation of mathematics
in print but it is not well suited to equation seard, for example, or for input to

computer algebra systems. These and other problems, and somepartially successful
work-arounds, are discussedin this paper and in the companion paper by Miller and
Youssef.

Keyw ords: Mathematics, special functions, handbook, digital library, knowledge
managemert
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1. Intro duction

Scierti ¢ and engineeringprofessionalswho are are conducting researt
or developing applications frequertly needready accesgo speci ¢ tech-
nical data. Traditionally, applicable technical data has been gathered
into handbooks, and often thesepublications becomeindispensableaids
that persist through many editions. Accuracy|freedom from errors|

is critical for any handbook to be successful,and also relevance to
a signi cant community of users. Successfulmathematics handbooks
that cometo mind are certain tables of integrals|and the ubiquitous
National Bureau of Standards Handlook of Mathematical Functions [1].

Researth was supported in part by NSF Grant 9980036 and in part by the
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The handbook [1] is the motivation and model for a large project,
headed by the National Institute of Standards and Tednology?, to
dewelop a Digital Library of Mathematical Functions (DLMF) .

The NBS handbook was published in 1964,and exceptfor correction
of errata through the 10th printing in 1972,it has never beenrevised.
The DLMF is currently under dewvelopmert in a large project headed
by NIST. It will be published as a traditional handbook of about 1000
pages,but there will also be a hypertext version that will be made
available on CD-ROM and from a public Web site at NIST.

The NBS handbook and the new DLMF have many features in
common, of which two will be mentioned here. First, subject matter.
The generalgoal of eadh is to provide carefully selectedand validated
technical data about the elemerary and higher mathematical func-
tions2. The main criterion for inclusion of data is proven or potential
use in disciplines outside mathematics. Information of interest only
within pure mathematics is excluded. The majority of chapters deal
with individual groups of functions that sharea common characteristic
such asthe property of being a solution of a given di erential equation.
The remaining chapters are methodological, providing concerirated
accourts of mathematical techniquesthat are indispensablefor working
with special functions.

The secondfeature in common is intended audience.The level and
preseriation of the technical data are directed toward experiencedpro-
fessionals.Thus extendedpedagogicaldescriptions are excludedsothat
the spacesaved can be usedfor additional technical data. It might be
thought that spaceis not an issuefor the DLMF hypertext version.
Howewer, there is benet in requiring the authors of the chapters to
consider carefully which data are paramount and to include only the
most important data. Also, at least for the rst edition, the project
aims for maximum overlap betweenthe typesetand hypertext versions.
O setting this requiremert to someextent, DLMF authors are allowed
considerablefreedomto point userstoward referenceswvhere additional
data can be found.

Despite these similarities, the hypertext version of the DLMF is
fundamertally dierent from the old NBS handbook becauseit comes
with hyperlinks, interactive graphics, and tools for downloading and
seartiing. An online record of feedba& from usersis planned, and

1 |n 1988 the National Bureau of Standards (NBS) was renamed the National
Institute of Standards and Tecnology (NIST).

2 The higher mathematical functions are also known as special functions. Ex-
amples are Bessel,Legendre and elliptic functions. The term higher transcendertal
functions has also been used.
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tools for generating tables and graphs on demand may be addedin the
future. Prototypesfor all these capabilities exist now.

The print and hypertext versionsof the DLMF issuefrom the same
source,which is a mathematical datatase consisting (at presen) of La-
TeX computer les. Togetherwith a special LaTeX classand software
tools dewveloped at NIST, the databasepreseneslimited mathematical
semairics of the objects it contains; seethe companion paper [6] by
the author's colleaguesB. Miller and A. Youssef.Managing the math-
ematical knowledge in this databaseso that it will remain accessible
and usableinto the inde nite future is a seriousconcern. The data is
being collected at great nancial cost. Though it will be presened in
corvertional form as a published handbook, it would be very unfor-
tunate if the databasewere lost due to future software and hardware
incompatibilities.

2. 1964 NBS Handb ook

The handbook [1] quickly becamethe referenceof choice for applica-
tions of special functions, and it remains so today. This successwas
due to (i) its concisestyle that provided userswith concenrated and
relevant information, (ii) its orientation toward the large community
of usersin disciplines, sucdh as the physical sciencesand engineering,
in which mathematics is an essetial tool, and (iii) the care that was
taken to engagethe best available authors and editors.

It wasconceived asearly as1952,active work wasbegunin 1956,and
the technical parts werelargely completeby 1960.The delay in publica-
tion to 1964 was largely due to the death in 19580f its chief architect,
Milton Abramowitz. It suppliesthe most important data relating to
special functions (formulas, tables for computing by interpolation, and
graphs) as determined by the needsof its time.

The successof the NBS handbook is exhibited by its salesand
citations. The ocial government edition has beenin print corntinu-
ously and has sold more than 150,000copies. Dover Publications has
marketed identical low-price printings in paperbadk since1965;Dover's
salesare estimated to be 4 or 5 times greater than the governmert
sales. A study of Sciene Citation Index shaws the handbook was
cited over 7000times between 1992 and 1996, or approximately once
every 1.5 hours of every working day. Furthermore, the citation rate
was increasing even more rapidly than the Index as a whole. Among
journals that cited the NBS handbook, journals in chemistry, earth
sciences,electrical engineering, optics, physics and statistics ranked
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higher in frequency of citation than did any primarily mathematical
journal, thereby illustrating the broad impact of the NBS handbook.

3. The DLMF Pro ject

3.1. Motiv ation and Goals

The continued appeal of the old NBS handbook is due to the per-
manence of its collection of formulas, which take up about half of
its 1046 pages.Mathematical formulas that are found to be useful in
applications hold their value for a long time, even forever. Howeer,
this collection is shawing its agein somerespects. For example, since
1960

new properties have beenfound for many of the functions, suc as
integral represenations, integrals, addition formulas and generat-
ing functions;

additional functions have gained practical importance, sud as
Carlson's symmetric form of elliptic integrals, discrete orthogo-
nal polynomials, new statistical distribution functions, Painleve
transcenderts and basic hypergeometricfunctions;

new elds of application of special functions have appeared, suc
as soliton theory and nonlinear dynamics; and

dewelopmerts in asymptotic analysishave led to improved analyt-
ical approximation of special functions, for example through use
of uniform asymptotics, asymptotics via distribution theory, and
reexpansionof remainder terms.

Becauseof thesedewvelopmerts there is an increasingly critical needfor
a major expansionof the core content of the old handbook.

The other half of the old handbook is irrelevant today. This part is
dewoted to massiwe tables of valuesand descriptions of how to calculate
values of special functions, often with the aid of interpolation in the
tables. This old method has been supersededby newer, more e ec-
tive methods that depend upon the speedwith which computers can
perform arithmetic. In e ect, a data-intensive and operation-conserving
method hasbeenreplacedby a data-conservingand operation-intensive
one. Developmerts since 1960 that have cortributed to this obsoles-
cenceinclude
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signi cant improvemerts in methodsfor accurateand e cien t com-
putation of special functions that have beenaobtained through ad-
vancesin stability analysis, Pade approximation theory, boundary-
value techniques for di erential and di erence equations, and ap-
plication of the new developmerts in asymptotics;

the rapid dewelopmert of computing technology, both in hardware
and in software; and

the emergenceof powerful sciertic software, such as subroutine
libraries and computer algebra systems, which enable users to
generatesophisticated symbolic and numerical solutions for a wide
range of problemsinvolving special functions.

Accordingly, a new referencework should essetially eliminate tables
and pay attention to software.

The main goal of the DLMF project is to meetthe needfor an up-to-
date replacemen for the old handbook. A secondarygoal is to develop
foundations for constructing mathematical databasesin general, to-
gether with tools for their conveniert and e ective usein computers
and over computer networks. The combination of a databaseand as-
sociated tools is what we mean by a digital library. The experience
gained in the construction of a nontrivial digital library in an im-
portant area of mathematics will be of great value in demonstrating
feasibility, comparing alternativ e technologies, exposing weaknesse®f
current technologies,and suggestingaveruesfor future researd. Also,
becauseof the expected long life and wide community of users, the
DLMF will advancethe penetration of digital library technology into
the daily practice of scierti ¢ researtersand technical professionalsin
all science-basedelds of work.

3.2. Beginnings

The rst discussionstook place within NIST in October 1996. These
led to a conferencepresenation [3] and a workshop at NIST with in-
vited external participants in summer 1997;seealso[2]. The workshop
resulted in the organizational structure for the project and an initial

list of chapters with a brief synopsisfor ead chapter.

A dicult questionat this early stagewas how suc a large project
could be nanced. NIST was making a large commitment but not
enough to complete the project without obtaining additional funds.
In 1998 a sample chapter was written [7], a prototype Web site® was
constructed, a funding proposalwas submitted to the National Science

3 http:/dimf.nist.go v
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Foundation, and a contingency plan involving royalties on saleswaspre-
pared. The proposalfailed but by that time NIST had nameda board
of assiate editors and obtained tentativ e agreemen from well-known
researders to write about half the chapters, if funding arrangemerns
could be worked out. Two conferencepapers describing the project at
this stagein more detail are [4] and [5].

In 1999 a secondproposal to the National ScienceFoundation re-
sulted in funding at the level requested for three years starting in
Septenber of that year.

3.3. Or ganizational Str ucture

The structure identied in 1997is in usetoday. There are v e classes
of project cortributors: principal editors, assaiate editors, authors,
validators, and project sta .

The principal editors and areas of responsibility are Dr. D. W.
Lozier, NIST, GeneralEditor; Prof. F. W. J. Olver, University of Mary-
land and NIST, Mathematics Editor; Dr. C. W. Clark, NIST, Physical
SciencesEditor; and Dr. R. F. Boisvert, NIST, Information Tecdnol-
ogy Editor. They form the executive committee, directing and bearing
responsibility for the whole project.

The (unpaid) assaiate editors and areasof responsibility are Prof.
R. A. Askey, University of Wisconsin, Special Functions; Prof. Sir M. V.
Berry, University of Bristol, Physics; Prof. W. Gautschi, Purdue Uni-
versity, Numerical Methods; Prof. L. C. Maximon, GeorgeWashington
University, Physics;Prof. M. Newman, University of California at Sarta
Barbara, Combinatorics and Number Theory; Prof. I. Olkin, Stanford
University, Statistics; Prof. Dr. P. Paule, JohannesKepler University,
Symbolic Computing; Prof. W. P. Reinhardt, University of Washington,
Chemistry; and Dr. N. M. Temme,CWI Amsterdam, Special Functions.
The assaiate editors assist the principal editors in choice of techni-
cal cortent, selectionof authors and validators, resolution of technical
guestions,and review of chapter drafts.

The authors and validators are drawn from around the world based
on their researti accomplishmens. They are compensatedby contracts
with NIST. The author's cortracts have two parts, the rst requiring
delivery of an initial draft that meets the strict editorial guidelines
of the project, and the secondrequiring the author to coordinate his
or her e orts with all the other project cortributors in completing the
DLMF Website. The validation contracts, onefor ead chapter, require
veri cation of all formulas and other mathematical material.

Finally, the project sta with major responsibilities include J. Con-
lon, NIST, Web Developmert; M. McClain, NIST, Web Developmer;
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Dr. B. R. Miller, NIST, Information Architecture; Dr. B. V. Saunders,
NIST, Graphics; Q. Wang, NIST, Graphics; and Prof. A. Youssef,
George Washington University, Seard Engine. They are assisted by
summerstudent employeesand, on occasion,other NIST sta members.

3.4. Time Frame and Current Status

The DLMF handbook and Web site are being deweloped simultane-
ously. The former is scheduledto be in print in 2003, with the public
announcemen of the Web site soon after. Like the NBS handbook, the
DLMF handbook will be priced low enoughfor purchaseby individuals.
The Web site will be free.

4. DLMF Chapters

4.1. Chapter Contra cts

The chapter contracts include detailed instructions for writing the main
text and for preparing ass@iated material sud as Web-only sections,
metadata, and graphics. Theseinstructions are necessaryto ensurethat
the resulting handbook and Web site will have consistert coverageand
a uniform style acrossall chapters. A sample chapter, written by the
Mathematics Editor, is provided as a model for the writing. To keep
the printed handbook to a reasonablesizeand to avoid the temptation
to include material of lessthan certral importance, a target length
is stipulated for ead chapter. The author's senseof what is most
important in applications of the mathematics of the chapter, subject to
review and approval by the principal and assiate editors, determines
the coverage.

The style of the main text is that of a concisereferencemanual,
with a minimum of explanation and other verbiage.Also, it will not be
written in the typical mathematician's style, in which general theory
is treated rst and special cases(if any) are consideredlater. Rather,
DLMF chapterswill list the mostimportant casesof formulas and other
properties as determined by usagein applied mathematics, together
with su cient conditions for mathematical validity. The reason for
this is that userswill refer to the DLMF to nd specic facts, not
to perusea generaltreatment of the subject of the chapter. Spaceper-
mitting, brief indications of important extensionsand generalizations,
with referencesare allowed.

For the Web version of the DLMF, limited additional material is
allowed in Web-only sections. This can include additional members of
a family of formulas or graphswhenthe rst few are givenin the main
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text. Modest extensionsof main text tables, sud astables of zerosor
expansioncoe cien ts, are allowed also, but extensive tables will not be
included anywhere in the DLMF. Authors are required to list relevant
software referencesand thesewill appearin a special Web-only section.

4.2. Current Status

The current list of chapters, 40 in number and subject to change, is
Mathematical and Physical Constarts; Algebraic and Analytical Meth-
ods; Asymptotic Approximations; Numerical Methods; Computer Al-
gebra; Elementary Functions; Gamma Function; Exponertial, Loga-
rithmic, Sine and Cosine Integrals; Error and Related Functions; In-
complete Gamma Function and GeneralizedExponertial Integral; Airy
and Related Functions; BesselFunctions; Struve Functions and Anger-
Weber Functions; Con uent HypergeometricFunctions; Coulomb Wave
Functions; Parabolic Cylinder Functions; LegendreFunctions and Spher-
ical Harmonics; HypergeometricFunctions; GeneralizedHypergeomet-
ric Functions; g-HypergeometricFunctions; ClassicalOrthogonal Poly-
nomials; Other Orthogonal Polynomials; Elliptic Integrals; Theta Func-
tions; Multidimensional Theta Functions; Jacobian Elliptic Functions;
WeierstrassElliptic and Modular Functions; Bernoulli and Euler Num-
bersand Polynomials; Zeta and Related Functions; Combinatorial Anal-
ysis; Functions of Number Theory; Probability Functions and Sta-
tistical Distributions; Mathieu Functions and Hill's Equation; Lame
Functions; SpheroidalWave Functions; Heun Functions; Painleve Tran-
scendets; Integrals with CoalescingSaddles;3j, 6j, 9 Symbols; and
Random Numbers and Monte Carlo Simulation. Authors had been
selectedand contracts were in force for all chapters in the summer
of 2001. For most chapters, original drafts were received by the rst
quarter of 2002.

These drafts are subjected to a rigorous review by the principal
editors, especially the Mathematics Editor. Detailed reports, which
sometimesrun to 30 pages, are written to guide authors in prepar-
ing revisions. Only when a revision is received that is deemedinitially
acceptabledoes an author receive a rst payment under the cortract.
Further revisionswill take place as a result of an independert valida-
tion, which is obtained under a separateNIST contract, and asa result
of nal editing of the ertire DLMF. During the nal editing stage,
for example, cross-referenceamong the chapters will be made. The
second( nal) payments under the contracts will be made when the
DLMF handbook is complete and ready for publication.
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4.3. Function Chapters

The bulk of DLMF chapters will supply properties of individual classes
of special functions, for example the solutions of a speci ¢ di erential
equation. As an example, Figure 1 showsthe title pageof the handbook
version of the chapter on Airy functions.

As illustrated in the gure, the sectionsof a function chapter are
divided into v e parts. The rst part, Notation, establishesthe DLMF
notation for the functions of the chapter. Important alternative no-
tations are listed also, and their relations to the DLMF notation are
stated precisely Often the DLMF notation will coincidewith customary
usage, but for some of the less common special functions no widely
acceptedusageis in existence.In suc cases,the notation usedin the
DLMF is expectedto lead to customary usagein the future.

The secondpart, Mathematical Properties, is the coreof the chapter.
This starts with a section de ning the functions of the chapter, using
the notation established previously. Graphical depictions of the func-
tions of the chapter|line graphs, contour diagrams, surfaceplots|are
given next, followed by sectionsthat list the important formulas as
determined by frequency of use in applications. The part ends with
sectionson any important related functions and generalizations.

The third part, Applications, preseris a small number of typical
or illustrativ e problems in which the functions of the chapter play an
important role. Details are omitted but referencesare made to places
wherefull treatments can be found. Often problemsfrom both physics
and mathematics are included in this part.

In the fourth part, Computation, e ectiv e approadesto computing
the functions of the chapter|series expansions,numerical quadrature,
numerical solution of di erential and di erence equations, represena-
tions in terms of other functions|are described brie y, with references
to full treatments. A similar treatment of approximations, sud as
polynomial or rational approximations, is alsogiven in this part. Next,
a section on tables consisting of referencesto published tables, but
not actual tables, is given. The computation part concludeswith a
Web-only section on software. This refers to software libraries and
computer algebra padkagesthat provide numerical computations or
symbolic manipulations relevant to the functions of the chapter. When
such software is nonproprietary and available free from a public Web
site, asis sometimesthe case,live links will be embeddedto assistthe
userin obtaining the software.

In the nished DLMF the referencesrom all chapters will be gath-
eredtogether into a referencelist for the whole DLMF. Howewer, ead
chapter will also have a Referencegart that contains one or two types
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Figure 1. Title page of DLMF chapter on Airy and Related Functions. This page
is not in nal form. The chapter code, Al, will be changedto a nhumber, and other
changesmay also occur. Left and right gallery pictures used by permission of Royal
Society of London and M. V. Berry, respectively. ¢ National Institute of Standards

and Technology.

of referenceinformation. The rst type, which is presen in the hand-
book and Web versionsof the DLMF, is a list of the main resourcesor
the chapter. Often a small number of important texts or monographs
exist to which DLMF userscan be directed for a comprehensie ac-
count of the mathematics cortained in the chapter. The secondtype
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Figure 2. Title page of DLMF chapter on Asymptotic Approximations. This page
is not in nal form. The chapter code, AS, will be changedto a number, and other
changesmay also occur. ¢ National Institute of Standards and Technology.

of referenceinformation will appearonly in the handbook version. For
ead section of a chapter, it provides a list of speci c referenceswith
pagenumberswhere appropriate, where proofs can be found for all the
properties in the section. For the Web version, the sameinformation is
provided by hypertext links in the sectionsthemseles.

Most DLMF chapters will have a place on the title page where
interesting imagesrelevant to the chapter are displayed. This is called
the Gallery. In the Web version of the DLMF a link assaiated with
ead image pops up a brief description of the phenomenondepicted.

4.4. Methodology  Chapters

Certain areas of mathematics are certral to any serious work with
special functions, or promiseto be soin the future. The methodology
chapters are Algebraic and Analytical Methods, Asymptotic Approxi-
mations, Numerical Methods, and Computer Algebra. Theseare di -
cult chapters to construct becauseead is a topic that could justify a
digital library of its own. A standard pattern, such asthe onedeweloped
for function chapters, cannot be devised. Therefore authors are given
general admonitions to avoid textb ook style and to selectonly those
parts of the subject matter that directly bear on special functions. A
target pagelimit is stipulated. For a glimpse of the level of presenation,
seeFigure 2.
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Al Airy and Related Functions
by Frank W. J. Olver

a Mathematical Properties

‘= §AI.6 Relations to Other

Functions
Search Jndex (Contents “—= §AI.6(iii) Airy Functions as
Confluent Hypergeometric
Functions
«=8A\l.6(ii) Bessel Functions as 8AI.7 Asymptotic Expansior=s

Al.6(iii) Airy Functions as Confluent Hypergeometric Functions
About §AI.6iii)

Al6.21 ¢ =222
ALL6.22

AlL.6.23

AL6.24
AL6.25
AlL6.26

AL6.27

Translated on 2001-03-12

Copyright © 1998 DLMF_feedback@nist.go'

Figure 3. Subsection of DLMF chapter on Airy and Related Functions. This page
is not in nal form. The chapter code, Al, will be changedto a nhumber, and other
changesmay also occur. ¢ National Institute of Standards and Technology.

5. Metadata

For every subsection of the DLMF a collection of metadata is con-
structed. Figure 3 shaws a typical subsectionfrom the Web version
of the Airy functions chapter, and Figure 4 shaws its metadata. A
hypertext link (About xAi.6(iii)) in the subsectiondepictedin Figure 3
leadsthe Web userto Figure 4..

One purposeof the metadata is to record information that leadsto
a proof for every formula in the subsection. This can be a reference
to a publication or, as in the caseof the third Note in Figure 4, a
brief indication of how the formulas may be derived. In the handbook
version, the referencesare aggregatedto the section level and listed in
the Referencegart of eadr DLMF chapter.
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Al Airy and Related Functions
by Frank W. J. Olver
> Mathematical Properties
‘= §Al.6 Relations to Other Functions
— §AI.6(iii) Airy Functions as
Gearch ndex (Contents Confluent Hypergeometric Functions
‘= About8Al.6(iii) Airy Functions
as Confluent Hypergeometric Functions

About 8AI.6(iii) Airy Functions as Confluent Hypergeometric Functions
Also seeAbout Mathematical PropertieRndAbout Al
Notes

® See AL.6.21) for definition of¢.
® See ChapteCH (Confluent Hypergeometric Functiorfey Hypergeometric functiorW,,,, U,
My, and,F,.

® These formulas are derivable from.6.1)-(Al.6.5) and those given i@H (Confluent
Hypergeometric Functions)

Internal Metadata

Label

® sec:Al.RL.HY
Indexing Data

® Airy functions > relation to > confluent hypergeometric functions
® Confluent hypergeometric functions > relation to > Airy functions

Translated on 2001-03-12

Copyright © 1998 DLMF_feedback@nist.go'

Figure 4. Metadata for a DLMF subsection. This pageis not in nal form. The
chapter code, Al, will be changedto a number, and other changesmay also occur.
¢ National Institute of Standards and Technology.

Another use of metadata is to clarify notation and conditions. In
corventional mathematical writing it is customary to rely heavily on
notation that may have beenintroduced much earlier in the work or,
in the caseof very common notation, simply assumethe user will
understand. Similar commerts hold alsofor conditions, suth as sectors
of the complex plane in which an asymptotic expansionis valid. But
conventional practice is inappropriate for a handbook. Usersmay not
be aware of unde ned notation and unstated conditions, particularly
so when they use Web capabilities such as query-basedseart to nd
their way directly to an individual formula. Therefore, the metadata
may be usedto restate de nitions that can be found elsewherein the
main text.

MKM-Lozier.pub.tex; 17/12/2002; 15:33; p.13



14

In the DLMF great careis beingtakento de ne notation and specify
conditions completely. The approad taken is informal, following ac-
cepted standards of good taste in mathematical writing, though hand-
books are an obvious place where formal techniques could perhapsbe
put to good use. For example, complete semartics are necessaryto
successfullydownload formulas into a computer algebra system. Only
an incomplete capability will exist in the rst public releaseof the
DLMF. Providing a full capability is a likely subject for a follow-up
project.

The remaining, more mundane,type of metadatais usedto construct
indexesand to facilitate the construction of the Web site. For examples,
seeFigure 4.

6. Graphics

Special functions exhibit many di erent behaviors as argumens and
parametersvary. Thesebehaviors are fully described by the mathemat-
ical properties but often it is helpful to visualize them with graphics.
The DLMF will cortain 2D and 3D graphsand surfaces.Color is being
usedon 2D plots to distinguish curvesand on 3D surfacesto represert
height or, occasionally phase angles. Surfaceson the Web are being
represerted in VRML (Virtual Reality Modeling Language) format, a
computer graphics le format designedfor use with a special viewer
that allows the user to rotate and zoom the surface. The VRML for-
mat also has a program capability that is being usedto construct 2D
moving sectionsof a surface.Thesesectionsare displayed in a 2D frame
alongsidethe surface, as illustrated in Figure 5. A description of the
DLMF VRML capabilities is contained in [8].

The VRML format is alsobeingusedto generate xed viewsfor the
handbook version of the DLMF. An exampleis shown in Figure 6.

7. Search Engine

A seart enginecapableof searding for equationsbasedon mathematics-
like queries is being constructed. It is based on an available public-
domain text-based seard engine, PLWeb. In most casesthe target of
a seart is a DLMF subsectionthat cortains a formula that satis es a
query. For example, the seard string gamma(1/3) locatesall formulas
in which ( %) appears.

A variety of innovative techniques are being built into PLWeb to
facilitate searding in equations. One is the concept of seard depth.
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Figure 5. View of the Airy function z = jAi( x+ iy)j. The surfacein xyz-coordinates
is cut by the xz-plane to display oscillatory behavior along the negative real axis.
The zeros,to 2 decimals, are 2:34; 4:09; 5:52. Exponertial growth and decay
in dierent parts of the complex plane are visible also. c National Institute of
Standards and Tedcnology.

For example,the string Ai"2+Bi"2 with the seart depth setto medium
locatesall occurrencesof Ai?(z) + Bi%(z). Occurrenceswith z replaced
with any other symbol, or no symbol, are found also. To locate this
same expressionwith the seart depth set to low would require the
explicit seard string Ai*2(z)+Bi*2(z)

Another innovation is useof surrogate subsections.A surrogate con-
taining mathematics keywords for every formula is created for every
subsection. The surrogates are seartied but the original subsections
are returned to the user. For details, see[6].
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Figure 6. View of principal branch of the Hankel function jHél) (x + iy)j showing
pole at the origin, branch cut, location of zerosnear the cut, and exponertial growth
and decay in dierent parts of the complex plane. Five zeros around the pole are
not fully visible in this view. In the Web version of the DLMF, this view may be
rotated and seenfrom any angle. ¢ National Institute of Standards and Tecnology.

8. Summary and Conclusions

The NIST DLMF Project is a major attempt, funded by the U.S. Na-
tional Institute of Standardsand Tednology and the U.S. National Sci-
enceFoundation, to construct abinitio an up-to-date referencedatabase
of mathematical properties of special functions for use by scienists,
engineers,statisticians, and applied mathematicians. The project par-
ticipants are conducting a thorough assessmenof current needs,led
by a prestigious board of editors and assaiate editors. The immediate
products will be a 1000-pagecorventional hardcover handbook and a
free public Web site, constructed and maintained by NIST. The actual
writing is beingdoneby recognizedworld experts who are being paid by
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contract with NIST. The newwork is expectedto serwe asthe standard
referencefor many yearsto come.

From the standpoint of MKM (Mathematical Knowledge Manage-
mert), the DLMF Project is signi cant becauseit is not an academic
exercise.lts main purposeis to provide comprehensie standard ref-
erenceinformation in a particular eld of mathematics. NIST is the
U.S. governmert agencythat is chargedwith responsibility for exactly
this kind of work, and also with the long-term maintenance, enhance-
ment and disseminationof the resulting databases.No purely academic
endeavor hasthis kind of responsibility and long-term commitment.

Becauseof the needto produce a tangible product within a specic
time frame, it is necessaryto make useof the generally available tools of
today. Superior techniquesare being investigatedin academicsettings.
Eventually these may lead to considerably improved tools that are
widely accessible NIST will be there to assesshem and adopt them
when the time is right. If MKM provesits worth in the DLMF Project,
it will undoubtedly nd many future applications in the provision of
sciertic and technical databases.
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